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E-mail address: shodja@sharif.edu (H.M. Shodja).The elastic behavior of an edge dislocation, which is positioned outside of a nanoscale elliptical inhomo-
geneity, is studied within the interface elasticity approach incorporating the elastic moduli and surface
tension of the interface. The complex potential function method is used. The dislocation stress ﬁeld
and the image force acting on the dislocation are found and analyzed in detail. The difference between
the solutions obtained within the classical-elasticity and interface-elasticity approaches is discussed. It
is shown that for the stress ﬁeld, this difference can be signiﬁcant in those points of the inhomogene-
ity-matrix interface, where the radius of curvature is smaller and which are closer to the dislocation.
For the image force, this difference can be considerable or dispensable in dependence on the dislocation
position, its Burgers vector orientation, and relations between the elastic moduli of the matrix, inhomo-
geneity and their interface. Under some special conditions, the dislocation can occupy a stable equilib-
rium position in atomically close vicinity of the interface. The size effect is demonstrated that the
normalized image force strongly depends on the inhomogeneity size when it is in the range of several
tens of nanometers, in contrast with the classical solution where this force is always constant. The gen-
eral issue is that the interface elasticity effects become more evident when the characteristic sizes of the
problem (inhomogeneity size, interface curvature radius and dislocation-interface spacing) reduce to the
nanoscale.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Many advanced structural materials and solid device systems
have inhomogeneous nanoscale structure which can be described
in terms of matrix and nanoinhomogeneities (nanoscale inclusions
with elastic constants different from those of the matrix). Addition
of nanoinhomogeneities can greatly enhance some mechanical,
electric, thermal, tribologic and other functional properties of the
matrix that is for example the case with ceramic nanocomposites
(Niihara, 1991; Bhaduri and Bhaduri, 1998; Zhan and Mukherjee,
2005; Moya et al., 2007; Mukhopadhyay and Basu, 2007, 2011;
Cho et al., 2009). On the other hand, this can cause the appearance
of new electronic and optical properties as is the case with quan-
tum dots and quantum wires in semiconductor epitaxial layers
(Ledentsov et al., 1998; Teichert, 2002; Bandyopadhyay and Nalwa,ll rights reserved.
ineering, Sharif University of
21 66164209; fax: +98 212003). During fabrication, testing and use of these inhomogeneous
solids, other crystalline defects, especially dislocations, are gener-
ated and elastically interact with the inhomogeneities, thus giving
rise to the hardening, strengthening and toughening effects in
ceramic nanocomposites (Niihara, 1991; Choi and Awaji, 2005)
and misﬁt stress accommodation coupled with degradation of
electronic and optical properties in semiconductor devices (Gutkin
et al., 2003; Ovid’ko and Sheinerman, 2006). The study of
dislocation-inhomogeneity interaction is thus a traditional topic
in micromechanics and physics of plasticity of various composite
materials and structures.
Theoretical description of the elastic interaction of dislocations
with inhomogeneities is mainly based on solutions of appropriate
boundary-value problems in the classical theory of elasticity (see,
for example, Dundurs and Mura, 1964; Dundurs, 1967; Stagni
and Lizzio, 1983; Warren, 1983; Gong and Meguid, 1994). The
main result is quite predictable: in most of the cases, dislocations
are attracted to (repelled off) the boundaries of elastically softer
(harder) inhomogeneities. However, there exist some exclusions
of this rule. For special set of material properties, edge dislocations
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librium positions near the interface of a circular (Dundurs and
Mura, 1964) or elliptical (Stagni and Lizzio, 1983) inhomogeneity.
It was also shown that this interaction is dependent on the Burger
vector orientation and Poisson ratios of matrix and inhomogenei-
ties. In most of the cases, the image forces drastically change due
to slight changes in the inhomogeneity shape.
Such classical description of the dislocation-inhomogeneity
interaction is sufﬁcient when the characteristic sizes of the inho-
mogeneity are larger than some nanometers and/or the dislocation
spacing from the interface is larger than the dislocation core ra-
dius. Otherwise, the approach of classical linear elasticity becomes
incorrect, and one has to go out from its framework.
Two principal non-classical approaches have been applied in re-
cent years to cope with these difﬁculties within the continuum
description. The ﬁrst one is the so-called strain-gradient elasticity
approach (Gutkin et al., 2000a,b; Mikaelyan et al., 2000; Lazar,
2007; Davoudi et al., 2009, 2010; Song et al., 2009). This approach
leads to elimination of all classical singularities from the disloca-
tion elastic ﬁelds and image forces, to smoothing of jump disconti-
nuities of the dislocation stresses at the matrix/inhomogeneity
interfaces, to appearance of non-classical size effects and to some
new features of image forces in close vicinity of the interface. How-
ever, the boundary conditions used in this approach are not still
perfectly proved.
The second approach is the so-called surface/interface stress
elasticity which considers the surfaces/interfaces as atomically
thin layers of special phase with its own material properties and
stressed state caused by peculiarities in the surface/interface atom-
ic structures. This approach seems to be especially useful when one
deals with nanoscopic solids or inhomogeneities. Indeed, when the
sizes of such objects tend to a nanometer, the number of atoms in
the surface/interface becomes comparable with the number of
atoms in the bulk. Since the surface/interface atoms have different
bonding situation than the bulk atoms, the effect of the surface/
interface phase has to be taken into consideration.
The basic concept of surface/interface stress in solids was ﬁrst
proposed by Gibbs (1906). Later, Gurtin and Murdoch (1975,
1978) and Gurtin et al. (1998) elaborated a framework for solving
elastic problems within this model. This approach is based on the
quantity called ‘‘surface free energy’’, which is deﬁned as the
reversible work per unit area to create a new surface. This quantity
leads to a tensor of elastic stresses acting on the surface/interface
as follows:
rab ¼ Edab þ @E
@eab
: ð1Þ
Here E is the surface free energy, dab is the Kronecker delta, and rab
and eab are the stress and strain tensors, respectively, in which the
components normal to the surface/interface are excluded.
In the framework of the surface/interface elasticity approach, a
number of classical thin ﬁlm, inclusion and inhomogeneity prob-
lems have been resolved in nanoscale and some size effects have
been found for relevant nanoscale materials (Cammarata, 1994;
Sharma et al., 2003; Sharma and Ganti, 2004; Duan et al., 2005;
Sharma and Wheeler, 2007; Tian and Rajapakse, 2007; Goldstein
et al., 2010).
Recently, the same approach has been used in revisiting the
problems of the dislocation-inhomogeneity interaction. Fang and
Liu (2006a,b) have recalculated the image forces acting upon screw
and edge dislocations near circular inhomogeneities and shown
that (i) the contribution of the interface stress becomes signiﬁcant
when the inhomogeneity radius is reduced to nanoscale (smaller
than about of 50 nm), (ii) the interface stress can add repelling or
attracting extra forces to the classical image forces on dislocations,and (iii) it can cause an extra equilibrium position for a dislocation
in very close vicinity of the interface (spaced by about of 0.3 nm
from it). Similar results have been obtained later by Luo and Xiao
(2009) for the case of a screw dislocation interacting with an ellip-
tical nanoinhomogeneity. Fang et al. (2009) and Ou and Pang
(2011) have studied the image forces on screw dislocations near
core-shell nanowires of circular cross-sections embedded to inﬁ-
nite matrix. Chen et al. (2011) have described in detail the features
of the image force acting on an edge dislocation near a coated ellip-
tic inhomogeneity in a matrix within the classical theory of elastic-
ity. These solutions (Fang et al., 2009; Luo and Xiao, 2009; Chen
et al., 2011; Ou and Pang, 2011) have given the results rather sim-
ilar to the aforementioned data (i)–(iii), however with some spe-
ciﬁc features caused by the elliptic shape of the inhomogeneity
(Luo and Xiao, 2009; Chen et al., 2011) and the inﬂuence of coating
layers (Fang et al., 2009; Ou and Pang, 2011). The authors of all
these works have been concentrated on the image force and have
not studied the dislocation stress ﬁelds.
Shodja et al. (2011) and Moeini-Ardakani et al. (2011) have re-
cently applied the surface elasticity approach to the problems of
screw and edge dislocations in the wall of a nanotube and investi-
gated the elastic stresses and the image forces in detail. In partic-
ular, it has been demonstrated that in tiny nanotubes with wall
thickness in the order of a few nanometers, the surface stresses
noticeably affect the bulk stress ﬁelds over the nanotube cross sec-
tion, while in coarser nanotubes, the surface stress effect is negligi-
bly small. Moreover, an edge dislocation produces the stress ﬁelds
which oscillate in subsurface layers of the nanotube (Moeini-
Ardakani et al., 2011). This result is in contrast with the classical
solution for shear and normal stress components which vanishes
on both the free surfaces. In the bulk of the nanotube wall, the clas-
sical and surface-stress solutions coincide well. Moeini-Ardakani
et al. (2011) have treated the stress oscillations as if caused by sur-
face rippling due to the presence of edge dislocations. Further, un-
like the case of classical elasticity, the dislocation can be repelled
from the free surfaces and occupy stable equilibrium positions in
atomically thin subsurface layers.
Although the aforementioned works have revealed many fea-
tures in elastic interaction of dislocations with curved interfaces
and free surfaces, they are still some questions to answer. In the
case of elliptic nanoinhomogeneity, for example, this is the inter-
face stress effect on the elastic stress distribution when an edge
dislocation has the Burgers vector of arbitrary orientation and is lo-
cated out of the principal axes of the inhomogeneity. It is also very
desired to ﬁnd out under which circumstances this effect should
either be taken into account or not.
In using the surface/interface elasticity approach, the material
constants of surfaces and interfaces are of primary importance.
Miller and Shenoy (2000), Shenoy (2005) proposed a detailed for-
mulation for determining the free surface properties of aluminum
and some other materials [Ag, Au, Cu, Ni. . .] by means of the
embedded atom method. Later, Mi et al. (2008) computed the
interface properties of some non-coherent metallic interfaces like
Ag–Ni, Au–Ni, and Ag–Cu. Recently, Pahlevani and Shodja (2011)
used the same formulation as Mi et al. (2008), but with the other
interatomic potential suggested earlier by Raﬁi-Tabar and Sutton
(1991), and composed detailed tables for surface energies, surface
stresses and elastic moduli of FCC metal surfaces and interfaces.
In the present work, we apply the interface elasticity approach
to the case of an edge dislocation located outside of an elliptical
nanoinhomogeneity. The governing equations of the interface
elasticity are solved by means of complex potential functions ex-
panded in Laurent series. To numerically calculate the stress ﬁelds
and image forces, we have taken the material characteristics of
InAs (nanoinhomogeneity) and GaAs (matrix) which are commonly
used in quantum dot fabrication.
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scribed and some formulas of interface elasticity are introduced. In
Section 3, some principal steps of the solution procedure are
traced. In Section 4, we discuss the main features of the dislocation
stress ﬁeld and compare them with the classical solution. In Sec-
tion 5, the image force on dislocation is investigated in dependence
on the dislocation position and its Burgers vector orientation. Sec-
tion 6 contains our general conclusions.2. Model
Consider a straight edge dislocation located at an arbitrary point
z0 outside an elliptical inhomogeneity with semi-axes a and b in an
inﬁnite matrix (Fig. 1). Let the dislocation Burgers vector have two
components, bx and by, along axes x1 and x2, respectively. Both the
matrix and inhomogeneity are supposed to be elastically isotropic
and characterized by Lamé elastic constants kM, lM and kI, lI. Here-
inafter, the subscripts/superscripts M and I are used for the matrix
and the inhomogeneity, respectively. The elliptic inhomogeneity/
matrix interface is denoted by C. In considering such a plane strain
problem, we also use the constants jI = 3  4mI and jM = 3  4mM,
where mI and mM are the Poission ratios.
Following Sharma et al. (2003) and assuming that the surface/
interface adheres to the bulk without slipping, and body forces
are absent, the equilibrium and constitutive equations for isotropic
materials can be summarized as follows.
In the bulk region:
rBij;j ¼ 0; ð2Þ
rBij ¼ Cijklekl ¼ ½kdijdkl þ lðdikdjl þ dildjkÞ ekl: ð3Þ
On the surface/interface:
rBabnb
D E
þ rSba;b ¼ 0; ð4Þ
rBjininj
D E
¼ rSab kab; ð5Þ
rSba ¼ s0dba þ 2ðlS  s0Þdbceca þ ðkS þ s0Þdbaecc: ð6Þ
Hererij and eij are the stress and strain tensors, respectively, kS,lS are
Lamé constants for the isotropic surface/interface, the superscripts B
and S denote the bulk and the surface/interface, respectively, s0 is the
residual surface/interface stress, na is the component of the normal
vector to the surface/interface, kab is the curvature tensor of the
surface/interface, dij is the Kronecker delta, and hXi = XM  XI denotes
the jump across the interface.
It is easy to see that in contrast to the classical elasticity, where
certain stress components must be continuous across the interface,
in the surface/interface elasticity, the stress ﬁeld suffers jump
across the interface. Due to the 2  2 nature of the interface stress
tensor, only certain strain components appear in Eqs. (4)–(6); in
fact, the strains normal to the interface are excluded (Sharma
et al., 2003). As a result, the Greek indices take values 1 and 2 while
the Latin indices take values 1, 2 and 3.Fig. 1. An edge dislocation near an elliptic inhomogeneity.If the coordinate system (n, t,x3) is used, where n is unit normal
and t is unit tangent to the interface (Fig. 1), and x3-axis is perpen-
dicular to (n, t) plane, then in the plane problem (rn3 = rt3 = 0 and
@/@x3 = 0) Eqs. (4) and (5) can be combined to obtain the following
jump equation on interface C:
rBnn  irBnt
  ¼ rStt
R0
þ i @r
S
tt
@t
; ð7Þ
where R0 is the radius of curvature. In the classical elasticity, the
right hand side of Eq. (7) vanishes: rBnn  irBnt
  ¼ 0.
To solve Eq. (7), one should seek an approach to simplify the
interface stress component rStt . With Eq. (6) it is given by
rStt ¼ s0 þ ð2lS þ kS  s0ÞeStt: ð8Þ
If the interface is coherent and the displacement is continuous
across it, then the interfacial strains are continuous, too. Therefore
eStt equals eBtt at the interface, and eMtt or eItt can be used instead of
eStt in Eq. (8). In this paper, we have used eItt instead of eStt and
checked our ﬁnal results by redoing formulation for eMtt instead of
eStt . With suitable accuracy of calculations, the results have coin-
cided well. Taking this into account, we represent the strain compo-
nent eStt with Eq. (3) for the strain component eItt as follows
eStt ¼ eItt ¼
kI þ 2lI
4lIðkI þ lIÞ
rItt 
kI
4lIðkI þ lIÞ
rInn: ð9Þ
By inserting Eq. (9) to Eq. (8), and combining the result with Eq. (7),
we rewrite the governing equation for the stress jump across the
interface in the form
rBnn  irBnt
  ¼ 2lS þ kS  s0
4lIðkI þ lIÞ
ðkI þ 2lIÞ
rItt
R0
þ i @r
I
tt
@t
 
 kI r
I
nn
R0
þ i @r
I
nn
@t
 
þ s
0
R0
on C: ð10Þ
It is worth noting that the classical elasticity’s condition of dis-
placement continuity at the interface holds true in the interface
elasticity, too. Hence we have
ðun þ iutÞM ¼ ðun þ iutÞI on C; ð11Þ
where un and ut are displacements in the normal and tangential
directions to the interface, respectively.
Formulas (10) and (11) are two ﬁnal governing equations for
the elastic interaction of inhomogeneity and matrix when consid-
ering the interface stress effect. To solve these equations, we use
the method of complex potential functions as shown in the next
section.
3. Solution
According to Muskhelishvili (1953), the solution of a plane
problem can be given in Cartesian coordinates by two analytical
complex functions u(z) and w(z) as follows:
2lðu1 þ iu2Þ ¼ juðzÞ  zu0ðzÞ  wðzÞ; ð12Þ
r11 þ r22 ¼ 2ðu0ðzÞ þu0ðzÞÞ; ð13Þ
r22  r11 þ 2 ir12 ¼ 2ðzu00ðzÞ þ w0ðzÞÞ; ð14Þ
where z = x1 + i x2 denotes a point in the complex z-plane, i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
.
Eqs. (12)–(14) can be written on the interface in the (n, t)
coordinates:
2lðun þ iutÞ ¼ ðjuðzÞ  zu0ðzÞ  wðzÞÞeia; ð15Þ
rnn þ rtt ¼ 2ðu0ðzÞ þu0ðzÞÞ; ð16Þ
rnn  irnt ¼ u0ðzÞ þu0ðzÞ  ðzu00ðzÞ þ w0ðzÞÞe2ia; ð17Þ
where a is the angle between the normal n and the positive direc-
tion of the x1-axis (Fig. 1).
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transformed to a circular one (Fig. 2) by the mapping function
which reads
z ¼ xðnÞ ¼ R nþm
n
 
; n ¼ z
ﬃﬃﬃﬃ
m
p
l
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l
z
 2s24
3
5; ð18Þ
where R ¼ ðaþ bÞ=2; m ¼ ða bÞ=ðaþ bÞ; l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  b2
p
and
n = f + ig = reih denotes a point in the mapped n-plane.
In order to use the mapping function in calculations and for the
sake of simplicity, it is assumed that u(n) =u(x(n)) and w(n) =
w(x(n)).
It is worth noting that the mapping function transforms an
elliptical inhomogeneity in an annulus of the radius
ﬃﬃﬃﬃ
m
p
< r < 1.
Since the complex potential functions are analytical in the inhomo-
geneity region of the z-plane, they should be analytical and single
valued in the n-plane, too. It is therefore evident that
uIðnÞ ¼ uIðnÞ; wIðnÞ ¼ wIðnÞ for jnj ¼
ﬃﬃﬃﬃ
m
p
: ð19Þ
Now the solution of our problem is composed of, ﬁrst, ﬁnding
the complex potential functions, which satisfy the governing Eqs.
(10), (11) and (19), in the n-plane, and, second, converting them
back in the z-plane.
In the classical elasticity, for an edge dislocation located at an
arbitrary point z0, the following complex potential functions are
introduced:
uðzÞ ¼ c ln½z z0; ð20Þ
wðzÞ ¼ c ln½z z0  c z0z z0 ; ð21Þ
where c = lM(by  ibx)/[p(1 + jM)]. These functions can be trans-
formed to the n-plane and expanded in Laurent series by using
the mapping function given by Eq. (18) as follows:
uðnÞ ¼ c
X1
n¼1
1
n
nn þmnnn
nn0
; ð22Þ
wðnÞ ¼ c
X1
n¼1
1
n
nn þmnnn
nn0
 c n0 þ
m
n0
 
n0
m n20
X1
n¼1
nn þmnnn
nn0
:
ð23Þ
Here n0 is the image of z0 in the mapped plane. Notice that the
radius of the series convergence is 1 6 jnj 6 jn0j.
Now we assume that the general structure of complex potential
functions for the inhomogeneity and matrix regions can be written
as
uMðnÞ ¼ a0nþ
X1
n¼1
ann
n þuðnÞ ¼
X1
n¼1
Ann
n þ Bnnn; ð24Þ
wMðnÞ ¼ b0nþ
X1
n¼1
bnn
n þ wðnÞ ¼
X1
n¼1
Cnn
n þ Dnnn; ð25Þ
uIðnÞ ¼
X1
n¼1
Enn
n þ Fnnn; ð26Þ
wIðnÞ ¼
X1
n¼1
Gnn
n þ Hnnn; ð27ÞFig. 2. Mapping geometry.where
A1¼a0 cn0
; An¼cn
1
n0
 n
; n¼2;3; . . . ; ð28Þ
Bn¼ancn
m
n0
 n
; n¼1;2;3; . . . ; ð29Þ
C1¼b0
c
n0
c n0þ
m
n0
 
1
mn20
;
Cn¼
c
n
1
n0
 n
c n0þ
m
n0
 
1
mn20
1
n0
 n1
; n¼2;3; . . . ; ð30Þ
Dn¼bn
c
n
m
n0
 n
c n0þ
m
n0
 
n0
mn20
m
n0
 n
; n¼1;2;3; . . . ð31Þ
Here a0 and b0 are related to the far ﬁeld stresses which are as-
sumed to be zero in this paper.
Further calculations are aimed to ﬁnd the series coefﬁcients in
order to satisfy the governing Eqs. (10), (11) and (19).
To make calculations easier, the following auxiliary functions
are introduced (Stagni, 1991):
XðnÞ ¼ xð1=
nÞ
x0ðnÞ u
0ðnÞ þ wðnÞ; ð32Þ
hðnÞ ¼ X0ðnÞx0ðnÞ u0ðnÞðxð1=nÞÞ0; ð33Þ
which can be represented by the following series:
XMðnÞ ¼ I0 þ
X1
n¼1
Inn
n þ Jnnn; ð34Þ
hMðnÞ ¼ R K0 þ
X1
n¼1
Knn
n þ Lnnn
 !
; ð35Þ
XIðnÞ ¼ M0 þ
X1
n¼1
Mnn
n þ Nnnn; ð36Þ
hIðnÞ ¼ R O0 þ
X1
n¼1
Onn
n þ Pnnn
 !
: ð37Þ
The coefﬁcients in these series are related to the coefﬁcients in
the complex potential series Eqs. (24)–(27). In order to ﬁnd these
relations, one should ﬁrst expand xð1=nÞ=x0ðnÞ in Eq. (32) for
jnj = 1, as follows
xð1=nÞ
x0ðnÞ ¼ mnþ
X1
n¼1
ð1þm2Þ mn1 n12n; ð38Þ
Now these auxiliary functions can be obtained from the com-
plex potential functions on C(jnj = 1). By inserting Eqs. (34) and
(35) in Eqs. (32) and (33), and comparing the results with Eqs.
(24) and (25), we ﬁnd the following relations for the coefﬁcients
in auxiliary functions for the matrix region:
I0¼
XN
k¼0
ðð2kþ2Þð1þm2ÞmkA2kþ2Þ
In¼
XN
k¼0
ððnþ2kþ2Þð1þm2ÞmkAnþ2kþ2ÞþnmAnþCn; nP1
Kn¼ðnþ3ÞmInþ3þðnþ1ÞInþ1þðnþ3ÞAnþ3ðnþ1ÞmAnþ1; nP0;
L1¼2mI2þ2A2;
L2¼mI1þA1 J1þmB1;
L3¼2J2þ2mB2;
Lnþ3¼nmJnðnþ2ÞJnþ2nBnþðnþ2ÞmBnþ2; nP1;
ð39Þ
where N depends on the accuracy needed. By performing the same
calculations for the inhomogeneity (jnj = 1), we get
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P1 ¼ 2mM2 þ 2E2;
P2 ¼ mM1 þ E1  N1 þmF1;
P3 ¼ 2N2 þ 2mF2;
Pnþ3 ¼ n mNn  ðnþ 2ÞNnþ2  nFn þ ðnþ 2ÞmFnþ2; nP 1:
ð40Þ
Now by incorporating the auxiliary functions and inserting
them in the governing equations, we obtain the unknown coefﬁ-
cients. The ﬁrst equation to be solved is Eq. (19). From consider-
ation of Eqs. (26), (27) and (32), (36), this equation gives
Fn ¼ mnEn; nP 1; ð41Þ
Hn ¼ mnGn; nP 1; ð42Þ
Nn ¼ mnMn þ nmn1ð1m2ÞEn; nP 1: ð43Þ
The second governing equation is the displacement continuity
(11). First, with Eqs. (15) and (32), this equation is simpliﬁed as
1
lM
½jMuMðnÞ XMðnÞ ¼
1
lI
½jIuIðnÞ XIðnÞ: ð44Þ
Then, by inserting Eqs. (24), (26) and (34), (36) in Eq. (44), this
equation gives
lI
lM
ðjMAn  JnÞ ¼ jIEn  Nn; nP 1; ð45Þ
lI
lM
ðjMBn  InÞ ¼ jIFn Mn; nP 1; ð46Þ
lI
lM
I0 ¼ M0: ð47Þ
The third and ﬁnal governing equation corresponds to the stress
discontinuity at the interface (Eq. (10)). In order to convert this
equation in the mapped plane, the following relations are used
(Tian and Rajapakse, 2007):
e2ia ¼ nx
0ðnÞ
nx0ðnÞ ; e
ia ¼ nx
0ðnÞ
jnx0ðnÞj ; ð48Þ
@
@t
¼ @
@z
@z
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@t
¼ ieia; @z
@t
¼ ieia: ð50Þ
For derivative with respect to z in the n-plane, we have the
relations:
u0ðzÞ ¼ u
0ðnÞ
x0ðnÞ ;w
0ðzÞ ¼ w
0ðnÞ
x0ðnÞ ;u
00ðzÞ ¼ 1
x0ðnÞ
d
dn
u0ðnÞ
x0ðnÞ
 
: ð51Þ
Now the left and right hand sides of Eq. (10) should be simpli-
ﬁed separately. For the left hand side, the combination of Eqs. (16)
and (17) with Eq. (32) leads to
rBnn  irBnt
  ¼ 1
x0ðnÞ u
0
MðnÞ  n2X0MðnÞ u0IðnÞ þ n2X0IðnÞ
	 

: ð52Þ
Inserting Eqs. (24), (26) and (34), (36) into Eq. (52), we obtain a sim-
pliﬁed form for the left hand side of Eq. (10), which contains un-
known coefﬁcients:
x0ðnÞ rBnn  irBnt
  ¼X1
n¼1nðAn  En þ Jn  NnÞn
1n
þ nðFn  Bn  In þMnÞnnþ1: ð53Þ
Next, for simplifying the right hand side of Eq. (10), the radius of
curvature can be taken as (Tian and Rajapakse, 2007)
1
R0
¼ ð1m
2Þ=R
jx0ðnÞ=Rj3
: ð54Þ
Further calculations for the right hand side of Eq. (10) are described
in Appendix A.With Eq. (53) and formulas from Appendix A for the left and
right hand sides of Eq. (10), respectively, the ﬁnal equilibrium
equation reads
X1
n¼1
nðAn  En þ Jn  NnÞn1n þ nðFn  Bn  In þMnÞnnþ1
¼ 1
jx0ðnÞ=Rj3
1
x0ðnÞ=R Q0 þ
X1
n¼1
Qnn
n þ Tnnn
( )
ð55Þ
whereQn and Tn are given in Appendix A.
In order to ﬁnd the unknown coefﬁcients, one should equate the
coefﬁcients at nn on both the sides of Eq. (55). This can be done
with the help of the following expansions for 1/jx0(n)/Rj3 and
1/(x0(n)/R) (Tian and Rajapakse, 2007):
1
jx0ðnÞ=Rj3
¼ 1ð1m3Þ
1
ð1mn2Þð1mn2Þ
 f0 þ
XN
k¼1
f2kðn2k þ n2kÞ
( )
on C; ð56Þ
where
f0 ¼ ð1þm2ÞW0  2mW2;
f2k ¼ ð1þm2ÞW2k mW2k2 mW2kþ2 k ¼ 1;2; . . . ;N  1;
f2N ¼ W2N mW2N2; ð57Þ
W2k ¼ 12p
Z 2p
0
1þ 4m
ð1mÞ2
sin2ðhÞ
 !3=2
cosð2khÞ dh; ð58Þ
and
1
x0ðnÞ=R ¼
ð1mn2Þð1mn2Þ
ð1m2Þ2
 1þ
XN
n¼1
mnn2n þ ðmn þ ð1m2ÞnmnÞn2n
( )
on C:
ð59Þ
The number N in Eqs. (56) and (59) depends on the accuracy
needed.
Thus, the simpliﬁed form of Eq. (55) isX1
n¼1
nðAn  En þ Jn  NnÞn1n þ nðFn  Bn  In þMnÞnnþ1
¼ 1
ð1m2Þ2ð1m3Þ
 f0 þ
XN
k¼1
f2kðn2k þ n2kÞ
( )
 1þ
XN
n¼1
mnn2n þ ðmn þ ð1m2ÞnmnÞn2n
( )
 Q0 þ
X1
n¼1
Qnn
n þ Tnnn
( )
ð60Þ
with Qn and Tn shown in Appendix A. This equation is the last equa-
tion to be solved.
The following steps of the solution are as follows. First, all the
unknowns in Eq. (60) should be converted to En and Bn. Then, by
equating the coefﬁcients at nn on both sides of Eq. (60), one has en-
ough relations to ﬁnd En and Bn. Indeed, In are numeric values given
by Eq. (39). An and Cn are known numeric parameters from Eqs.
(28) and (30). Fn can be expressed in terms of En from Eq. (41),
Mn in terms of Fn, In and Bn from Eq. (46), Nn in terms of En and
Mn from Eq. (43), Jn in terms of En, An and Nn from Eq. (45), and ﬁ-
nally On and Pn in terms of En, Mn, Nn and Fn from Eq. (40).
Upon ﬁnding En and Bn, all the other unknowns can be obtained
and the ﬁnal forms of the complex potential functions for the ma-
trix and inhomogeneity can be achieved.
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ing terms which are derived in Appendix A: C1 = KS/[2R(kI + lI)],
C2 = KS/[4RlI], KS = 2lS + kS  s0. As is clear from these relations,
the interface effect must be more considerable under the two con-
ditions: (i) when the average radius R of the inhomogeneity is
small enough, and (ii) when the bulk elastic moduli of the inhomo-
geneity and the matrix are not much larger than the interface elas-
tic constantKS. Therefore, one can say at once that in the case when
the inhomogeneity dimensions are small and the bulks are soft en-
ough, the interface effect must be indispensable.
The interface elastic constant KS plays a decisive role in nano-
scale problems. In the case of KS = 0, the interface effect vanishes,
and the classical elasticity’s solution is obtained. KS can be either
positive or negative, depending on the material constants of the
matrix and the inhomogeneity. Fang and Liu (2006a,b) showed that
positive (negative) values for KS add a repelling (attracting) extra
contribution to the classical image force on dislocations.Fig. 3. Distribution of the dislocation (a) shear, (b) normal, and (c) tangential
stresses in the upper part of the interface (jx1j < 4 nm, x2 > 0) for the Burgers vector
orientation along the x1-axis.4. Stress analysis
With the stress functions, which have been obtained in the
previous section, the dislocation stress ﬁelds are given by Eqs.
(13)–(17). For their numerical examination, we have chosen the
elastic moduli of InAs for the inhomogeneity and GaAs for the
matrix taken from Sharma and Ganti (2002). They are lI = 19 GPa,
kI = 50.66 GPa, mI = 0.36 and lM = 32.9 GPa, kM = 64.43 GPa, mM =
0.33, respectively. Below we represent a set of plots illustrating
the stress distribution along the inhomogeneity/matrix interface
in the case of a = 4 nm, b = 2 nm, z0 = 1.08a and KS = 10 N/m. In
the plots, the stress values are given in units of l=10 with
l ¼ ðlI þ lMÞ=2 being the average shear modulus.
In Figs. 3 and 4, both the classical and non-classical solutions for
the shear (rnt), normal (rnn) and tangential (rtt) stresses, acting in
the interface, are plotted for two different Burgers vector orienta-
tions, (bx,0) and (0,by), respectively, where bx = by = 0.4 nm that is
characteristic for a number of semiconductor materials like GaAs,
InAs, etc. As is seen, the classical solutions for rnt and rnn are
continuous across the interface, while the classical solution for
rtt suffers jump discontinuity at the interface. In contrast, the
non-classical solutions for all the stress components suffer jump
discontinuities there, which is a common place in the theory of
elasticity accounting for the surface/interface stresses.
For some stress components in the interface, the classical and
non-classical solutions noticeably differ in the vicinity of the sharp
poles (see Fig. 3(a) and Fig. 4(a) and (b)). According to Eq. (7), this
difference must increase with decreasing radius of interface curva-
ture R0. This fact interprets the differences between the classical
and non-classical solutions near the sharp poles, where radius of
curvature reaches its minimum value which is equal to 1 nm in
the case under consideration. For two farther points from a sharp
pole like x1 = 3 nm and x1 = 2 nm, the radius value is 3.37 and
14.69 nm, respectively. As can be seen, the radius of curvature in-
creases rapidly by going away from the sharp pole, and as conse-
quence, the classical and non-classical solutions fast approach
each other. Near the blunt pole, the differences become negligible.
For the remote sharp pole, the interface effect is weaker due to the
long distance from the dislocation.
In order to compare the classical and non-classical stress
solutions in some points out of the interface, the normal and shear
stresses are plotted in Figs. 5 and 6 for the Burgers vector
orientation along the x2-axis. These ﬁgures show the distribution
of the stress components rnn and rnt in the matrix (Fig. 5) and
the inhomogeneity (Fig. 6) along the upper half of the interface.
As is seen, the classical and non-classical solutions practically coin-
cide in most of the points of these paths. In fact, these ﬁgures re-veal that for points farther from the interface, the differences
between the classical and non-classical solutions vanish rapidly.
5. Image force on dislocation
In considering the dislocation-inhomogeneity interaction, the
image force on dislocation is of primary interest. The component
of this force along the dislocation Burgers vector is called the glide
force, while that one perpendicular to the Burgers vector is called
the climb force.
According to the well-known Peach and Koehler (1950) for-
mula, the image force components fx and fy along the x1(x)- and
x2(y)-axis, respectively, are given by
fx  ify ¼
lM b
2
y þ b2x
	 

pð1þ jMÞ
U0ðz0Þ þU0ðz0Þ
c
þ z0U
00ðz0Þ þW0ðz0Þ
c
" #
; ð61Þ
where
UðzÞ ¼ uMðzÞ uðzÞ; ð62Þ
WðzÞ ¼ wMðzÞ  wðzÞ: ð63Þ
Following Weertman (1965), we will take into account the
inelastic changes in the solid volume accompanying the dislocation
climb. Then after some manipulations, the image force compo-
nents can be calculated as follows:
Fig. 4. Distribution of the dislocation (a) shear, (b) normal, and (c) tangential
stresses in the upper part of the interface (jx1j < 4 nm, x2 > 0) for the Burgers vector
orientation along the x2-axis.
Fig. 5. Distribution of the dislocation shear and normal stresses in the matrix along
the upper half of the interface (along the line given by equation (x1/4.50)2 + (x2/
2.25)2 = 1 with jx1j < 4.5 nm and x2 > 0) for the Burgers vector orientation along the
x2-axis.
Fig. 6. Distribution of the dislocation shear and normal stresses in the inhomoge-
neity along the upper half of the interface (along the line given by equation (x1/
3.50)2 + (x2/1.75)2 = 1 with jx1j < 3.5 nm and x2 > 0) for the Burgers vector orienta-
tion along the x2-axis.
Fig. 7. The relation of the glide and climb forces with the components of the image
force on the dislocation.
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
: ð64ÞComponents of the image force along the glide and climb direc-
tions can be obtained by considering Fig. 7:
fG ¼ fx Coshþ fy Sinh; ð65Þ
fC ¼ fy Cosh fx Sinh: ð66Þ
Here subscripts ‘‘G’’ and ‘‘C’’ stand for the glide and climb force,
respectively, and h denotes the angle between the Burgers vector
and the x1-axis. It is clear that the glide and climb forces can have
different signs regardless of the sign of the fx and fy.
The glide and climb forces can be found from the equation:
fG  ifC ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2y þ b2x
q 1 2mM
3
ðU0ðz0Þ þU0ðz0ÞÞ

þ c
c
ðz0 U00ðz0Þ þW0ðz0ÞÞ

: ð67Þ
In the following numerical examples, the glide and climb forces
are normalized as follows:
~f G ¼ pRð1þ jMÞ
lM b
2
x þ b2y
	 
 fG; ð68Þ
~f C ¼ pRð1þ jMÞ
lM b
2
x þ b2y
	 
 fC : ð69Þ
In the upcoming numerical examples, the elastic constants of
the matrix and inhomogeneity will be the same as in Section 4 if
they are not specially speciﬁed. For the interface constant,
KS = 6 N/m is assumed.
5.1. Effect of the dislocation position along the interface
Let us ﬁrst consider the differences between the classical and
non-classical solutions for the image force in dependence on the
Fig. 8. Dependence of the normalized glide and climb image forces on the position
of an edge dislocation with Burgers vector (a) (bx,0) and (b) (0,by), when the
dislocation is shifted along the upper half of the interface in such a way that its
stand-off distance is kept equal to 0.5 nm. The inhomogeneity semi-axes are
a = 6 nm and b = 3 nm.
Fig. 9. Dependence of the normalized image forces on the position of an edge
dislocation with Burgers vector (bx,0), when the dislocation is shifted along the
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the dislocation and the interface is kept equal to 0.5 nm. We exam-
ine the two special cases when the Burgers vector is oriented along
the x1- (Fig. 8(a)) and x2-axis (Fig. 8(b)).
As is seen, for both the special cases, the non-classical solutions
always give smaller magnitudes for the glide and climb image
forces. This is caused by the positive value of the interface constant
KS. Under this condition, the interface adds an extra repelling force
to the attractive classical image force. For a negative KS, the situa-
tion would be inverted that is the non-classical forces would be
larger in magnitude than the classical forces.
The next general observation is that the difference between the
classical and non-classical solutions is the largest when both the
solutions achieve their extremal values. For the assumed parame-
ters, this largest difference varies from 16% to 30% depending on
the force type and the Burgers vector orientation.right upper quarter of the interface in such a way that its stand-off distance is kept
equal to 0.5 nm, for different shapes of the inhomogeneity speciﬁed by the ratio a/
b = 1.5, 1.85, and 2.33, and R = (a + b)/2 = 5 nm. (a) The classical solutions for the
glide and climb image forces. (b) The non-classical solutions for the glide and climb
image forces. (c) The classical and non-classical solutions for the resultant image
force magnitude.5.2. Effect of the inhomogeneity shape
Consider now the effect of the inhomogeneity shape on the im-
age force components. Let the edge dislocation be shifted along the
upper half of the interface in such a way that its stand-off distance
is kept equal to 0.5 nm. The image force components are plotted in
Fig. 9 for three shapes of the inhomogeneity. In this example, the
ratio a/b is varied as a/b = 1.5, 1.85, and 2.33, while the parameter
R = (a + b)/2 is kept to be constant and equal to 5 nm. The corre-
sponding cross sections of the inhomogeneity are thus stretched
in different degrees along the x1-axis.
The classical solutions for the glide and climb image forces are
shown in Fig. 9(a). Stagni and Lizzio (1983) have shown that when
the dislocation Burgers vector is orientated along the x1-axis, the
more stretched inhomogeneity exerts the smaller glide force on
the dislocation. This result is also true in our case. For the climb
force, one can see the inverted tendency which is however not so
pronounced in the case of constant R.By comparing these classical results with the non-classical ones
shown in Fig. 9(b), one can see that the general trend for the glide
force plots is kept in the surface/interface elasticity, too, with just
some small changes in the shape of the curves. For the climb force,
the inhomogeneity shape effect becomes more evident although
rather complicated.
If we consider the magnitude of the resultant image force,
j~f Rj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~f 2G þ ~f 2C
q
, which is plotted in Fig. 9(c), we can easily see the
differences between the classical and non-classical results. When
the dislocation is positioned near the sharp (blunt) pole, the inho-
mogeneity stretching gives a decrease (increase) in the magnitude
of the classical resultant image force. For the non-classical solution,
Fig. 10. Dependence of the normalized image forces on the orientation of the
Burgers vector of an edge dislocation positioned 0.5 nm away from the interface
point with coordinate x1 = 0.7a, for different shapes of the inhomogeneity speciﬁed
by the ratio a/b = 1.5, 1.85, and 2.33, and R = (a + b)/2 = 5 nm. (a) Glide force. (b)
Climb force. (c) Magnitude of the resultant force.
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while far from it the shape effect becomes more complicated.
5.3. Effect of the Burgers vector orientation
The previous examples have concerned the two special Burgers
vector orientations, parallel to the coordinate axes. In order to
study the orientation effect, let us put a dislocation with arbitrary
oriented Burgers vector somewhere out of these axes. For example,
let the distance between the dislocation and the interface point
with the coordinate x1 = 0.7a be 0.5 nm. As in Section 5.2, we take
three shapes of the inhomogeneity cross section, which are speci-
ﬁed by the ratio a/b = 1.5, 1.85, and 2.33, with R = (a + b)/2 = 5 nm,
and consider the dependence of the normalized glide, climb and
resultant image forces on the Burgers vector orientation (Fig. 10).
The glide image force variation is shown in Fig. 10(a). As is seen,
the classical solution decreases in magnitude wi th ratio a/b in the
angle range from 0 to about of 75 and from about 150 to 180,
and increases in magnitude with a/b from about of 75 to 150.
The non-classical solution behaves in a similar manner although
the transition from increasing to decreasing is shifted to the region
of 65. One can also see that the difference between the classical
and non-classical solutions noticeably depends on the Burgers vec-
tor orientation. In fact, this difference grows with the force magni-
tude and achieves its maximum about of 14% in the region of 60.
The orientation effect on the climb image force is illustrated by
Fig. 10(b). The classical solution shows that the force magnitude in-
creases with ratio a/b when this force is negative (in the angle
range from 0 to about of 60), and decreases with a/b when it is
positive (for the angles larger than approximately 60). The non-
classical solution follows to the same trend until the angle about
of 118, at which the climb force magnitude starts to increase again
with ratio a/b. The classical and non-classical solutions coincide
near the angle about of 60. The largest difference between these
solutions is about of 20% that is reached at the angle about of 150.
The differences between the classical and non-classical solu-
tions become more evident when considering the orientation
dependence of the resultant image force magnitude (see
Fig. 10(c)). In order to catch better the non-classical features, we
have used here two different values of the interface constant KS:
KS = ±6 N/m. In the classical solution, a more stretched inhomoge-
neity exerts smaller image force on the dislocation in the angle
ranges from 0 to about of 105 and from about of 150 to 180.
In the angle range from about of 105 to about of 150, the situa-
tion is inverted. In the non-classical solution with KS = 6 N/m, this
inverted situation disappear at all, while for KS = 6 N/m, it is real-
ized in the wider angle range from about of 75 to 180. It is worth
noting, that the negative (positive) value of KS gives a higher (low-
er) image force magnitude in comparing with the classical solution.
The maximum difference between the classical and non-classical
solutions is about 27% for KS = 6 N/m, and 20% for KS = 6 N/m.
5.4. Effect of the dislocation position along the x1-axis
The next demonstration is the variation of the image forces in
dependence of the dislocation position when it moves along the
x1-axis (Fig. 11). In this example, the lengths of the inhomogeneity
semi-axes are a = 4 nm and b = 2 nm. We consider two exemplary
composites in such a way that for the ﬁrst composite, the matrix
and the inhomogeneity have rather close shear moduli (lM = 1.3lI),
while for the second one, they differ decisively (lM = 1.73lI). The
Burgers vector is oriented here along either the x1  (bx,0) or the
x2-axis (0,by). Due to the symmetry of the problem, the climb (glide)
force vanishes in the ﬁrst (second) case.
Since the matrix is harder than the inhomogeneity, the classic
image force is attracting. The interface causes here an extra repel-ling force due to the positive value of Ks. Interestingly, in the case
with lM = 1.3 lI (a soft inhomogeneity in a hard matrix, with close
material characteristics), the inhomogeneity repels a nearby climb
edge dislocation (0,by) within the interface elasticity, in contract to
the classical theory, where this repelling is replaced by attraction.
This non-classical repelling climb image force sharply decreases
with increasing the distance z0, when z0 is less than about 1.07a.
The interface effect of this inhomogeneity is such that a nearby
glide edge dislocation (bx,0) is attracted when z0 > 1.03a and re-
pelled when z0 < 1.03a. At ﬁrst the attracting glide force on the dis-
Fig. 11. Variation of the glide and climb forces with the position of an edge
dislocation along the x1-axis in composite 1 with lI = 19 GPa, lM = 1.3lI and
mI = mM = 0.33, and in composite 2 with lI = 19 GPa, lM = 1.73lI and mI = mM = 0.33.
The lengths of the inhomogeneity semi-axes are a = 4 nm and b = 2 nm. Notice that
for bx = 0 (by = 0), the glide (climb) force vanishes.
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inhomogeneity until z0  1.05a and then it shows a rather sharp
decrease to zero after which the glide dislocation is subjected to
repelling force. For the present problem, the classical and non-clas-
sical solutions practically coincide when z0P 1.14a (0.56 nm from
the interface). This fact shows that the interface effect is highly
short-range.
The interface effect can result in the appearance of new non-
classical stable equilibrium positions for the dislocation. This phe-
nomenon happens when the difference in shear moduli of the ma-
trix and the inhomogeneity is not large. For example, in composite
1, the dislocation with Burgers vector (bx,0) is stable in the point
z0 = 1.03a (that is at the distance of 0.12 nm from the interface),
while the dislocation with Burgers vector (0,by) is stable in the
point z0 = 1.07a (0.28 nm from the interface). At the same time,
these dislocations have no equilibrium positions in composite 2,
where the difference in shear moduli of the matrix and the inho-
mogeneity is large enough.
Thus, the dislocation equilibrium position can appear (i) just
near the interface, (ii) if the matrix and inhomogeneity elastic
moduli are close enough, and (iii) when the values of C1 and C2
are considerable.
5.5. Effect of the inhomogeneity size
In order to estimate the size effect caused by the use of the sur-
face/interface elasticity, we have calculated the dependence of the
image force components on the inhomogeneity average size R for
the following parameters of the system: a = 2b, z0 = 1.05a, lI = 19 G-
Pa, m1 = 0.36, lM = 32.9 GPa, and mM = 0.33 (Fig. 12). In the classical
elasticity approach, the normalized glide and climb forces are not
dependent on R, however, in the interface elasticity approach, thisFig. 12. Dependence of the image force components on the inhomogeneity average
size R for the following parameters of the system: a = 2b, z0 = 1.05a, lI = 19 GPa,
m1 = 0.36, lM = 32.9 GPa, and mM = 0.33.dependence is considerable and becomes stronger for smaller R. In-
deed, as is seen from Fig. 12, the difference between the classical
and the present (interface-elasticity) solutions increases with
decreasing R. When R tends to 3 nm, this difference reaches 41%
for the glide image force and 58% for the climb image force.6. Summary and conclusions
We have applied the surface/interface elasticity approach to
consider in detail the elastic behavior of an edge dislocation placed
outside of an elliptical nanosize inhomogeneity. The dislocation
stress ﬁeld and the image force acting on the dislocation have been
calculated by means of the method of complex potential functions.
It has been shown that the present solution can signiﬁcantly
differ from the classical one, which excludes the interface proper-
ties. For the stress ﬁeld, this difference is more obvious for the
shear stress around the sharp poles of the inhomogeneity, espe-
cially near the one which is closer to the dislocation. At the same
time, this difference vanishes rapidly away from the interface.
Comparison of the image forces calculated within the interface
elasticity and the classical elasticity reveals that the interface with
positive (negative) KS adds a repelling (attracting) image force to
that obtained from the classic solution. The differences in the im-
age forces calculated by the two approaches depend on the dislo-
cation position, the inhomogeneity shape and the Burgers vector
orientation.
When the dislocation Burgers vector is oriented parallel to either
principle axes of the inhomogeneity, this difference increases as the
dislocation approaches the sharp or the blunt pole of the inhomoge-
neity, by moving parallel to the matrix-inhomogeneity interface. In
our example, a difference of about 30% in image force is observed
when the dislocation is positioned near the sharp pole.
For given material properties, dislocation position and orienta-
tion, a monotonic change of the shape of the elliptical inhomoge-
neity results in either monotonic increase or decrease of the
image force on the dislocation when the classic elasticity is used.
For some positions of the dislocation, such trends for the image
force are not observed in the interface elasticity framework. Also
for a given position of the dislocation, the differences in the image
forces calculated by the present and classic methods vary with the
Burgers vector orientation.
The interface effect can cause new equilibrium positions for the
dislocation in the vicinity of the interface. These new positions can
be observed when the matrix and the inhomogeneity elastic mod-
uli are close and are not much larger than the interface elastic con-
stant KS. Due to the short-range effect of the interface stress, these
equilibrium positions are located in the close distance (less than
0.3 nm) of the interface.
Accounting for the size effects of the nano-inhomogeneity is an-
other principle feature of the proposed theory. As is shown in Sec-
tion 5.5, under the reduction of the inhomogeneity radius from 12
to 3 nm, the absolute values of the glide and climb image forces ob-
tained by the interface elasticity theory, differ by about of 40% from
those calculated using the size independent classic theory.
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By combining Eqs. (16) and (17) with Eqs. (32) and (33) and
considering Eqs. (48)–(51), after some manipulations the right
hand side of Eq. (10) can be written as:
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where C1 = KS/[2R(kI + lI)], C2 = KS/[4RlI], KS = 2lS + kS  s0. Equa-
tion (A1) can become simpler if we substitute the complex potential
functions uI(n), hI(n) given by Eqs. (26) and (37), and convert the ﬁ-
nal result to the series form as follows:
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By this conversion, the new coefﬁcients in the series are
Q0 ¼ s0ð1m4Þ þ C2½4mðO0  O0Þ þ ð1m2ÞðP2 þ P2Þ
þ 4mðP4  P4Þ þ C1½ð1 5m2ÞE1 þ ð1þ 3m2ÞE1
þ 12mðE3  E3Þ þ F1ð5mm3Þ  F1ð3mþm3Þ
þ 12m2ðF3  F3Þ; ðA3Þ
Q1 ¼ C2½5mO1  2m2P1  3mP1  3mP3  2m2P3 þ 5mP5
þ C1½14m2E2  6mE2 þ 20mE4  6m2F2
 ð10mþ 4m3ÞF2 þ 20m2F4; ðA4Þ
T1 ¼ C2½5mO1 þ 3mP1 þ 2P1 þ 2P3 þ 3mP3  5mP5
þ C1½6mE2 þ ð4þ 10m2ÞE2  20mE4 þ 14mF2
þ 6m2F2  20m2F4; ðA5Þ
Q2 ¼ s0mðm2  1Þ þ C2½ð1þ 3m2ÞO0 þ 6mO2  2mðP2 þ P2Þ
 ð1þ 3m2ÞP4 þ 6mP6 þ C1½ð3m3 mÞE1  2mE1
 ð3þ 27m2ÞE3 þ 30mE5  2m2F1 þ ð1þm2ÞF1
 ð21mþ 9m3ÞF3 þ 30m2F5; ðA6Þ
T2 ¼ s0mðm2  1Þ þ C2½ð3þm2ÞO0  6mO2 þ 2mðP2 þ P2Þ
þ ð3þm2ÞP4  6mP6 þ C1½2mE1  ðmþm3ÞE1
þ ð9þ 21m2ÞE3  30mE5 þ ðm2  3ÞF1 þ 2m2F1
þ ð27mþ 3m3ÞF3  30m2F5; ðA7Þ
Q3 ¼ C2½ð2þ 4m2ÞO1 þ 7mO3 mP1 mP3  ð2þ 4m2ÞP5
þ 7mP7 þ C1½ð2mþ 8m3ÞE2  ð8þ 44m2ÞE4 þ 42mE6
þ ð4þ 6m2ÞF2  ð36mþ 16m3ÞF4 þ 42m2F6; ðA8Þ
T3 ¼ C2½ð4þ 2m2ÞO1  7mO3 þmP1 þmP3 þ ð4þ 2m2ÞP5
 7mP7 þ C1½ð6mþ 4m3ÞE2 þ ð16þ 36m2ÞE4
 42mE6  ð8þ 2m2ÞF2 þ ð44mþ 8m3ÞF4  42m2F6; ðA9ÞQ4 ¼ C2½ð3þ 5m2ÞO2 þ 8mO4  ð3þ 5m2ÞP6 þ 8mP8
þ C1½ð9mþ 15m3ÞE3  ð15þ 65m2ÞE5 þ 56mE7
þ ð9þ 15m2ÞF3  ð55mþ 25m3ÞF5 þ 56m2F7; ðA10Þ
T4 ¼ C2½ð5þ 3m2ÞO2  8mO4 þ ð5þ 3m2ÞP6  8mP8
þ C1½ð15mþ 9m3ÞE3 þ ð25þ 55m2ÞE5  56mE7
 ð15þ 9m2ÞF3 þ ð65mþ 15m3ÞF5  56m2F7; ðA11Þ
On ¼ C2½ðn 4ÞmOn4  ðn 1þ ðnþ 1Þm2ÞOn2
þ ðnþ 4ÞmOn þ ðn 4ÞmPn  ðn 1þ ðnþ 1Þm2ÞPnþ2
þ ðnþ 4ÞmPnþ4 þ C1½ðn 4Þðn 3Þm2En3
þ ðn 1Þðð2n 5Þmþ ðnþ 1Þm3ÞEn1
 ðnþ 1Þðn 1þ ð2nþ 5Þm2ÞEnþ1
þ ðnþ 3Þðnþ 4ÞmEnþ3  ðn 4Þðn 3ÞmFn3
þ ðn 1Þðn 1þ ð2n 3Þm2ÞFn1  ðnþ 1Þðð2nþ 3Þm
þ ðnþ 1Þm3ÞFnþ1 þ ðnþ 3Þðnþ 4Þm2Fnþ3; nP 5 ðA12Þ
Tn ¼ C2½ðnþ 4ÞmOn4 þ ðnþ 1þ ðn 1Þm2ÞOn2
 ðnþ 4ÞmOn  ðn 4ÞmPn þ ðnþ 1þ ðn 1Þm2ÞPnþ2
 ðnþ 4ÞmPnþ4 þ C1½ðn 4Þðn 3Þm2En3
 ðn 1Þðð2n 3Þmþ ðn 1Þm3ÞEn1
þ ðnþ 1Þðnþ 1þ ð2nþ 3Þm2ÞEnþ1  ðnþ 3Þðnþ 4ÞmEnþ3
þ ðn 4Þðn 3ÞmFn3  ðn 1Þðnþ 1þ ð2n 5Þm2ÞFn1
þ ðnþ 1Þðð2nþ 5Þmþ ðn 1Þm3ÞFnþ1
 ðnþ 3Þðnþ 4Þm2Fnþ3; nP 5: ðA13ÞReferences
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